I. INTRODUCTION
As a result of recent technological advances in the generation of intense ion beams, there is considerable interest in the basic equilibrium, stability, and propagation properties of intense ion beams in a background plasma. Such beams have a variety of possible applications, including [1] [2] [3] [4] [5] 6,7
(a) light ion and heavy ion inertial fusion, (b) the production
8-10
of field-reversed configurations for magnetic fusion applications, and (c) the development of techniques for focussing intense ion beams,
11
e.g., by radiation cooling. Perhaps one of the most significant recent technical accomplishments in related areas is the successful application 12 of intense ion beams by Kapetanakos and co-workers to achieve field reversal at the Naval Research Laboratory.
13-15
For the most part, theoretical descriptions of the equilibrium and stability15-19 properties of intense ion beams and field-reversed i layers have been based on the Vlasov-Maxwell equations. This provides natural framework for describing such systems since the transverse bea dimension is typically a few thermal ion Larmor radii in diameter. A there is a growing literature on the Vlasov equilibrium and stability erties of field-reversed, rotating ion layer configurations with zer [15] [16] [17] [18] [19] negligibly small) mean axial motion, there has been little wor self-consistent equilibrium and stability properties of intense ion with both rotational and axial motion.
In this paper, we investigate the equilibrium properties of a nonrelativistic, cylindrically symmetric ion beam propagating par, uniform applied magnetic field B with constant axial velocity Figure 1 illustrates the equilibrium configuration considered in the present analysis. A rotating, nonrelativistic, cylindrically symmetric ion beam propagates parallel to a uniform applied magnetic field B 2 with constant axial velocity Vziz. Cylindrical polar coordinates (r,e,z) are introduced, where the z-axis coincides with the axis of symmetry, r is the radial distance from the z-axis, and e is the polar angle in a plane perpendicular to the z-axis.
II. EQUILIBRIUM EQUATIONS AND ASSUMPTIONS
All equilibrium properties (3/3t=O) are assumed to be azimuthally symmetric (a/ae=0), and independent of axial coordinate ( /z=O).
In the present analysis, equilibrium properties are calculated for electrons and ions is equal to zero, so that the magnetic fields, B (r) and B (r), are generated entirely by the meE z e and axial motion of the ion beam. However, we do allow f possibility that the background plasma electrons and ions do not exactly neutralize the ion beam charge.
In particular, we assume that the equilibrium plasma electron density n (r), plasma ion density n (r), and beam ion density nb(r) are related by
where f=const.=fractional charge neutralization.
The equilibrium electric and magnetic fields are determined self-consistently from the Maxwell equations,
where c is the speed of light in vacuo, e (> 0) is the ion char F?(r)=-3@/3r is the equilibrium radial electric field, Bs(r)=-2 r a 0 -1 0 is the azimuthal self magnetic field, and B (r)=r 3(rA )/ar B 0 +B (r) is the total axial magnetic field. In this regard, I
can be expressed as 
where H' is defined by
and *(r) is the dimensionless effective potential defined by 
and a rigid azimuthal rotation with angular velocity V e(r)=-wbr , 
where @b=47rnbe /mi.
Equations ( In Sec. III, we examine the solutions to Eqs. (23) and (24). 2 represent exact solutions in the limit wb =0 and 6 2*C, they are also good approximate solutions whenever the inequality 62>>b2 is satisfie 26 2
That is, for 6 >>b and finite 6 , the leading-order solutions to
Eqs. In the limiting case where 6 << r 0 , the thickness of the curr layer is much smaller than the mean radius of the layer, and 
C. General Equilibrium Properties
We now examine properties of Eqs. 
ax 21=
There are important differences in the solutions to Eq. (64)
for c=+l and c=-l. We therefore examine the general propertieE Eq. (64), treating the two cases separately. is necessary for existence of radially confined equilibria with *p (X-+-and hence n%(X-*)=bexpI-P(X4o))=0.
Equilibria with
Further properties of the equilibrium profiles can be determined by considering the behavior of *p near the origin. In this regard, we examine Eq. (68), distinguishing the three cases: for -a < A 0 shows that both types of solutions exist. That is, Eq. (68) has solutions where * s(X) monotonically increases for all X (density peaked on axis) and solutions where * (X) has a local maxim, at some X > 0 in addition to a density maximum on axis.
(c) --< A 0 < -a: For this class of solutions, it follows that A 0 +a < 0. Thus, *s (X) is a decreasing function near the origin.
From the discussion that follows Eq. (71), we know that * (X) even becomes large and positive with s (X -* -)=+o.
[Keep in mind that Moreover, for A 0+a < 0, the density profile nb (X) is always peak
The three regions of (a, A 0 ) parameter space discussed abo illustrated in the right-half plane of Fig. 4 . In Region I, wh corresponds to 0 < A0 < -, the density profile is peaked on ax Region II, which corresponds to -a < A < 0, the density profil peaked on axis, with several density maxima off axis. Finall! in Region III, which corresponds to --< A < -a, the density peaked off axis. with respect to X, we find a =A 0 -a X dXexp(-*S) shows that *s (X) may have singularities in the interval 0 < X < 1, *s(X) may decrease without bound at some X< 1. In particular, a given finite value of AO, it is found that a must be lower than critical value in order for the solution *s(X) to be nonsingular As a general remark, a singularity in $s is logarithmic. In par in a small neighborhood of X.,
Thus, the density profile nb (Xsexp(-*) has a nonintegrable iat X=X . We exclude such solutions as nonphysical solutions.
We now show that if a*p/aXX= 0 =A 0 -a is at least larger t then tp (X) is nonsingular in the interval 0 < X < 1. is positive. For X < 1, the function K(X) can be expanded to
From the inequality in Eq. (85) and the fact that 2 < 4!, w K(X) is always positive for X < 1. Therefore, (X) increas monotonically over the interval 0 < X < 1, which implies th; remains finite everywhere in this interval. Therefore, if least greater than -2, *P has no singularities in the interval 0 < X < 1, and the solution corresponds to a radially confined density profile.
Close examination of Eq. (68) shows that the above condition for radial confinement can be made more stringent. In particular, for smal values of a, the quantity A 0 may be significantly more negative than th values indicated by the condition A O-a > -2. For example, for A 0=-2.5
it can be shown that *P has no singularities for a < 0.6. The presenc the term exp(-* s) in Eq. (68) further increases the maximum allowed value of a for radially confined equilibria.
The precise boundary curve in (AO, a) space that separates sing nonsingular solutions must be determined numerically (Curve C in Fig
The significance of the boundary curve C is that the solution *p haf a singularity at X=1 for any choice of A and a on the boundary.
Indeed, the quantity (2*s/@X). tends to positive infinity as the bf
curve C is approached from the right.
D. Summary of Results and Necessary and Sufficient Conditio Radially Confined Equilibria
It is important to note that the boundary curve C determine necessary and sufficient conditions for existence of radially cc equilibria, i.e., A0 and a must lie above the boundary curve C.
important point is that the line defined by A 0 -a=-2 is the asyr of the boundary curve C as Ea+--. This can be shown directly For any given 0 < 6 << 1, where 6=-(A O-a+2), the second deriv; 2 2 (a2 /2X ) 0 =-a6/2 tends to negative infinity as ca--. Thus, boundary curve C must approach A -a=-2 asymptotically.
A close examination of Eq. (76) in Regions IV and V (Fi that the density profile nb X) is peaked off axis and that and only one such density maximum. In Region IV, the densi A close examination of Eq. (76) in Regions IV and V (Fi that the density profile nb(X) is peaked off axis and that and only one such density maximum. In Region IV, the densi occurs for X > 1, and in Region V, the density maximun occurs for X < 1.
On the other hand, in Region VI (Fig. 4) it can be shown from Eq. (76)
that the density profile nb(X) assumes its maximum value on axis (X=0).
The boundary curve C in Fig. 4 crosses the a-axis at ca~-3.55. For A = and Eca>-3.55, the density maximum occurs at X=l. Physically, X=1
corresponds to the distance r* where for radial confinement. For given finite y, and A 0 < -y, an interes feature in Region II is that the equilibrium configuration has densi profile peaked on axis (r=0) with field reversal, i.e., wci( 0 ) < 0.
The necessary and sufficient condition for existence of radial confined equilibria can also be mapped into the space (mwb), wher defined by Eq. (93). For this mapping, it is necessary to specif, quantity y, generating a one-parameter family of curves, as illus In concluding this section, for completeness, we summarize in Table 1 the nature of the general solution to Eq. (64) in the six regions of (Aoa) parameter space illustrated in Fig. 4 .
E. Numerical Solution of Equilibrium Equations
In Sec. III. B, we examined the exact solutions to the equilibrium 
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